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Abstract
The distance graph G(D) has the set of integers as vertices and two vertices are adjacent in G(D) if their difference is contained
in the set D ⊂ Z. A conjecture of Zhu states that if the chromatic number of G(D) achieves its maximum value |D| + 1 then the
graph has a triangle. The conjecture is proven to be true if |D|3. We prove that the chromatic number of a distance graph with
D={a, b, c, d} is ﬁve only if eitherD={1, 2, 3, 4k} orD={a, b, a+b, b−a}. This conﬁrms a stronger version of Zhu’s conjecture
for |D| = 4, namely, if the chromatic number achieves its maximum value then the graph contains K4.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let X be a set and  a distance in X. For a subset D ⊂ R, the distance graph G(D) = G(X, ,D) has vertex set
X and two vertices x, y are adjacent in G(D) if and only if (x, y) ∈ D. Distance graphs on X = R and Z were ﬁrst
studied by Eggleton et al. [4,5]. When X = Z and D is a ﬁnite set of integers, we have
(D) = (G(D)) |D| + 1,
see e.g. [12]. The determination of the chromatic number of distance graphs on the set of integers has been extensively
treated in the literature, and several cases have been solved. From now on, unless explicitly stated otherwise, we will
always consider distance graphs on the set of integers with the usual distance. We also assume that gcd(D) = 1 since
otherwise each connected component of G(D) is isomorphic to G(D′) with D′ = {d/g, d ∈ D} and g = gcd(D).
When |D|2 the chromatic number of G(D) can be easily determined. If |D| = 1 or all elements in D are odd then
G(D) is bipartite. Otherwise, (D) = 3. After some partial results [1,3,4,11] the case |D| = 3 was ﬁnally settled by
Zhu [14], where sufﬁciently accurate bounds on the circular and fractional chromatic numbers of G(D) are obtained
to prove the following result.
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Theorem 1 (Zhu [14]). Let D = {a, b, c} with a <b<c and gcd(a, b, c) = 1. Then
(G(D)) =
⎧⎪⎨
⎪⎩
2 if a, b, c are all odd,
4 if either D = {1, 2, 3m} or D = {a, b, a + b} and b − a /≡ 0 (mod 3),
3 otherwise.
In the same paper Zhu conjectured that, if the upper bound (G(D))= |D| + 1 is achieved then D contains three not
necessarily distinct elements a, b, c with a + b = c. This conjecture was further strengthened to the follo-break wing
one:
Conjecture 1. Let D be a ﬁnite set of integers. If (G(D)) = |D| + 1 then G(D) contains a clique of order at
least |D|.
The distance graphs with clique number (G(D)) |D| where characterized by Kemnitz and Marangio [7]. When
|D| = 4 they correspond to sets of the form D = {a, b, a + b, b − a}, a <b, or D = {a, 2a, 3a, b}; the same authors
determined the chromatic numbers of the corresponding distance graphs [7,8].
Theorem 2 (Kemnitz and Marangio [7,8]). Let D be a set of four integers with (G(D)) |D|. Then (D)= 5 if and
only if one the following holds:
(a) D = {a, b, a + b, b − a} with a and b odd; or
(b) D = {1, 2, 3, 4m}, m1.
It is noteworthy at this point to mention that Liu and Zhu [9] determine the circular and fractional chromatic numbers
of distance graphs G(D) with clique size at least |D| (with one single exception) and they show their connections to
several other problems in number theory.
For integers x and N we denote by (x)N the residue class of x modulo N in {0, 1, . . . , N − 1} and by |x|N the
residue class of x or −x modulo N in {0, 1, . . . , N/2}. Let ZN = Z/NZ and G(N,D) denote the circulant graph
Cay(ZN,D′ ∪ −D′), where D′ = {|d|N, d ∈ D}. We also denote by (N,D) the chromatic number of G(N,D). It
was shown in [4] that a distance graph G(D) always admits a periodic proper coloring with (D) colors. Therefore,
(D) is also the chromatic number of G(N,D) for all multiples N of the period of a periodic coloring of G(D);
hence
(D) = min{(N,D) : N ∈ N such that |d|N 	= 0 for each d ∈ D}. (1)
This fact connects the problems of determining chromatic numbers of distance graphs and circulant graphs. The latter
has been proved to be an NP-complete problem by Codenotti et al. [2].
When |D| = 2 the determination of the chromatic number of circulant graphs has been obtained by Yeh and Zhu
[13] in the most interesting case when D = {1, x} and in the general case, independently, by Heuberger [6]. This
result provides a simple way to determine the chromatic number of the distance graph G(D) when |D| = 3: given
D={a <b<c} take, if possible, an appropriate value N ∈ {a+b, b+ c, a+ c} to reduce the problem to the chromatic
number of a circulant graph with two generators; then use the fact that (D)(N,D). This approach leaves only a
few number of cases to deal with and leads easily to the determination of (D). This is the main idea used in this paper
to settle Conjecture 1 for sets of four distances. More precisely we prove the following result:
Theorem 3. Let D be a set of four positive integers. Then (D)4 unless D={1, 2, 3, 4m} or D={a, b, a+b, b−a}
with a and b odd.
The proof is based on a ﬁltering procedure through a chain of nested ideals in ZN , for an appropriate choice of N,
which is described in Section 2. The technique is applied in combination with the so-called multiplier method of Zhu
(see Lemma 1). In Section 3 we prove Theorem 3. In the ﬁnal section we include some ﬁnal remarks about extending
the technique to sets D with prime order.
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2. Prime ﬁltering lemma
In this section we introduce our main tool to prove Theorem 3. It relies on the so-called multiplier method described
in the following lemma:
Lemma 1 (Yeh and Zhu [13]). Let G(N,D) be a circulant graph and t a positive integer. If there is an integer  such
that |d|NN/k for each d ∈ D then (N,D)k.
For an integer x ∈ Z and a prime p we denote by p(x) the p-adic valuation of x, that is, the largest power of p
dividing x. We also use p(X) = {p(x), x ∈ X} when X is a set of integers. We denote by Z∗N the set of units in the
ring ZN . For a set X ⊂ ZN and an element  ∈ ZN we denote by  ·X={x : x ∈ X}. Next lemma provides the prime
ﬁltering technique which will be extensively used in the proof of Theorem 3.
Lemma 2. Let p be a prime and D a ﬁnite set of positive integers.
If |p(D)| = |D| then (D)2p/(p − 1).
Proof. Let h=maxd∈D p(d). TakeN =ph+1 and considerD′ ={|d|N, d ∈ D}={d1, d2, . . . , dk}, where the elements
in D′ are ordered by decreasing values of p. By abuse of notation we use the same symbol to represent an integer and
its residue class in ZN . Note that 0 /∈D′ and p(|d|N) = p(d) for each d ∈ D and each  ∈ Z∗N .
We shall recursively deﬁne a sequence u1, . . . , uk of elements in Z∗N such that∣∣∣∣∣
(
k∏
i=1
ui
)
d
∣∣∣∣∣
N
 p − 1
2p
N for each d ∈ D. (2)
The result then follows by Zhu’s Lemma since
(D)(N,D)2p/(p − 1).
Let H be the subgroup of ZN generated by ph. Note that each coset of H contains some element x with |x|N
((p − 1)/2)ph.
We have d1 ∈ H\{0}. Therefore, there is u ∈ {1, . . . , p − 1} such that
|ud1|N p − 12 p
h = p − 1
2p
N .
We deﬁne u1 = u.
Suppose that we have deﬁned us ∈ Z∗N for each 1s < ik with the property that |(
∏
s<ius)dj |NN(p − 1)/2p
for each 1j < i. Let vi−1 =∏s<ius .
Note that, since p(us) = 0 for each s, we have p(vi−1di) = p(di). Then, in ZN , we have
{(rph−p(di ) + 1)vi−1di, 0rp − 1} = {r ′ph + vi−1di, 0r ′p − 1} = H + vi−1di .
Therefore, there is r ∈ {0, 1, . . . , p−1} such that |(rph−p(di )+1)vi−1di |NN(p−1)/2p. Deﬁneui=(rph−p(di )+1).
Since p(dj )> p(di) for each 1j < i, we have (vidj )N = (uivi−1dj )N = (vi−1dj )N . Hence,
|vidj |NN(p − 1)/2p, j = 1, 2, . . . , i.
In this way we obtain the sequence u1, . . . , uk verifying (2). 
We shall use the following specializations of Lemma 2 for p = 2. For an integer x and N ∈ N we deﬁne
N(x) =
⎧⎪⎨
⎪⎩
1 if |x|N <N/4,
0 if |x|N = N/4,
−1 if |x|N >N/4.
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With this deﬁnition Lemma 1 can be rewritten as follows:
Lemma 3. Let D be a set of integers and N a positive integer. If there is  ∈ Z such that N(d)0 for each d ∈ D
then (D)(N,D)4.
Next lemma gives an strengthening of Lemma 2 for p = 2. Here the number of elements in D with the two larger
2-adic valuations is arbitrary.
Lemma 4. Let D be a ﬁnite set of positive integers. Set h = maxd∈D2(d) and N = 2h+1. Let D0 = {d ∈ D :
2(D)<h− 1}. If |2(D0)| = |D0| then there is  ∈ Z∗N such that N(x)0 for each x ∈ D. In particular, (D)4.
Proof. All elements d ∈ D with 2(d)h−1 verify |d|NN/4.We can apply the proof of Lemma 2 with u1 =u2 =1
to obtain  ∈ ZN such that N(d)0 for each d ∈ D. 
Our last tool related to the prime ﬁltering technique is the next lemma. Roughly speaking, for a given set X, it ensures
the existence of a multiplier  for any prescribed values of N(x), x ∈ X.
Lemma 5. Let X = {x1, x2, . . . , xr} be a set of positive integers. Let t max 2(X), N = 2t+2, and X0 = {x ∈ X :
2(x)< t}. Assume that |2(X0)| = |X0|.
Then, for each choice of y = (y1, . . . , yr ) ∈ {1,−1}r , there is  ∈ Z∗N such that
yiN(xi)0, i = 1, 2, . . . , r .
Moreover, (x)N = (x)N for each x with 2(x) max 2(X) + 1.
Proof. The proof goes along the same lines as Lemma 2. We may assume that 2(x1) · · · 2(xr).
Let q be the largest subscript for which 2(xq)= t . Then, for iq, we have |xi |N =N/4 and yiN(xi)= 0. If q = r
there is nothing to prove. Otherwise, 2(xq)> 2(xq+1)> · · ·> 2(xr).
LetUq+1={1, 1+N/22(xq+1)+1} ⊂ Z∗N .We haveUq+1·xq+1={xq+1, xq+1+N/2}. Therefore, there isuq+1 ∈ Uq+1
such that yq+1N(uq+1xq+1)0. Moreover, multiplication by uq+1 leaves any element x with 2(x)(xq+1) + 1
ﬁxed in ZN . We proceed similarly for each q + 1<sr by deﬁning Us = {1, 1 +N/22(xs )+1} ⊂ Z∗N . Multiplication
by elements in Us leaves any element x with 2(x)(xs) + 1 ﬁxed in ZN . In particular, s−1 · {x1, . . . , xs−1}, where
s−1=∏q<i<sui , whileUs ·s−1xs={s−1xs, s−1xs+N/2}. Therefore, there isus ∈ Us such that yiN(uss−1xi)0
for i = 1, . . . , s. Then = ur · · · uj+1 veriﬁes the required property. 
3. Sets with chromatic number four
In this section we prove Theorem 3. Let D ={a, b, c, d} where we assume that gcd(D)= 1 and 0= 2(a)2(b)
2(c)2(d).
Lemma 6. Suppose that |2(D)| 	= 3. Then (D)4.
Proof. By Lemma 4 with p = 2 we know that (D)4 whenever |2(D)| = 4. If all elements in D are odd, that is
|2(D)| = 1, then G(D) is bipartite.
Suppose that |2(D)| = 2, say 2(D) = {0, h}. Denote by D0 = −12 (0) ∩ D and D1 = −12 (h) ∩ D. Take N =
2h+1. Then G(N,D0) and G(N,D1) = G(N, {N/2}) are both bipartite, so that (D)(N,D))(G(N,D0))
(G(N,D1)) = 4. 
We are left with the case |2(D)| = 3, where we ﬁnd the cases D = {1, 2, 3, 4m} and D = {a, b, a + b, a + 2b} with
chromatic number ﬁve. We break this case into several lemmas.
Lemma 7. Suppose that |2(D)| = 3 and 2(b)> 0. Then (D)4.
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Proof. By Lemma 4 we may assume that 0 = 2(a)< 2(b)= 2(c)= h1 < 2(d)= h. Let N = 2h+1. Multiplying by
the inverse of a in ZN we may assume that |D|N ={1, b12h1 , c12h1 , N/2}, where b1, c1 ∈ Z∗N . Consider the 4-coloring
of the circulant graph G(N,D) given by the sequence
((01)r (23)r )s((10)r (32)r )s ,
where r = 2h1−1 and s = 2h−h1−1. This is clearly a proper coloring of the graph. The result follows by (1). 
From now on we assume that 0 = 2(a) = 2(b)< 2(c)< 2(d).
Lemma 8. Suppose that max{a, b}<min{c, d}. Then (D)4.
Proof. We only use the fact that c and d are both even. We may suppose that c <d. Let d = d1c + d2 with d11 and
0d2 <c. Take r = d1/2 and N = 4cr . The 4-coloring of G(N,D) given by the sequence
((01)c/2(23)c/2)r ((10)c/2(32)c/2)r
is clearly a proper coloring of the graph. The result follows by (1). 
Lemma 9. Suppose that 2(a) = 2(b) = 0 and 22(c)< 2(d). Then (D)4.
Proof. Let h = 2(d) and take N = 2h+2. Let
Ii =
[
N
8
(i − 1), N
8
i
]
, i = 1, 2, . . . , 8.
We shall show that
there is  ∈ Z∗N such that either | · D|N ⊂ I2 ∪ I3 or | · D|N ⊂ I3 ∪ I4. (3)
Suppose that (3) holds. Then either | ·D|N ⊂ I3 ∪ I4 or |2 ·D|N ⊂ I3 ∪ I4. By Lemma 3 we have (D)(N,D)
min{(N,  · D), (N, 2 · D)}4.
We nowprove (3). For each  ∈ 1={(2h−2(c)k+1, k ∈ Z}we have (c)N =(c+(N/4)k)N for some k ∈ {0, 1, 2, 3}
and (d)N ∈ {N/4, 3N/4}. Therefore, there is 1 ∈ 1 such that |1c|N ∈ I3 and |1d|N ∈ I3.
Suppose that =1 does not verify (3).We next show that there is 2 such that (3) holds with =21. Let j ∈ {−1, 1}
with j ≡ |1a|N (mod 4). We consider two cases.
Case 1: |1a|N ≡ |1b|N (mod 4). Deﬁne 2 = (N/4)j + 1. Since 2(d)> 2(c)2, multiplication by 2 leaves
the set {(1c)N , (1d)N } pointwise invariant. On the other hand, for x ∈ {|1a|N, |1b|N }, if x ∈ Ii , 1 i4, then
(2x)N = ((N/4)jx + x)N = (N/4 + x)N ∈ Ii+2, since xj ≡ 1 (mod 4). Hence, either |21 · D|N ∈ I2 ∪ I3 or
|21 · D|N ∈ I3 ∪ I4 as desired.
Case 2: |1a|N /≡ |1b|N (mod 4). If |1a|N, |1b|N ∈ I1 ∪ I2 then we can take 2 =N/2 + 1: multiplication by 2
does not affect the values of (1c)N and (1d)N while (2x)N ∈ I5 ∪ I6 for each x ∈ {|1a|N, |1b|N }. Suppose now,
without loss of generality, that |1a|N ∈ I1 ∪ I2 and |1b|N ∈ I3 ∪ I4. Then 2 = (N/8)j + 1 gives
(2|1a|N)N ∈ {|1a|N + N/8, |1a|N + 5N/8} ⊂ I2 ∪ I3 ∪ I6 ∪ I7,
(2|1b|N)N ∈ {|1b|N + 3N/8, |1b|N + 7N/8} ⊂ I6 ∪ I7 ∪ I2 ∪ I3,
(2|1c|N)N ∈ {|1c|N, |1c|N + N/2} ⊂ I3 ∪ I7, and
(2|1d|N)N = (1d)N ,
and again (3) holds with = 21. 
In what follows we assume that 2(a) = 2(b) = 0, 2(c) = 1 and 2(d) = h2. We also assume that a <b. From
the set {a + b, b − a} we denote by 	 the element with 2(	)2 and by 
 the one with 2(
) = 1, that is, 	= a + b if
a /≡ b (mod 4) and 	= b − a otherwise.
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Lemma 10. Suppose that d /≡ 0 (mod 	). Then (D)4.
Proof. Take N = 	. Then |a|N = |b|N . Let H be the subgroup of ZN generated by d. There is 1 ∈ {1, 2, . . . , |H | − 1}
such that N(1d)0. Since N((1 +N/4)c)= N(1c+N/2)=−N(1c) and N((1 +N/4)d)= N(1d)0,
there is 2 ∈ {1, 1 + N/4} such that N(2d), N(2c)0. Similarly, there is 3 ∈ {2, 2 + N/2} such that
N(3d), N(3c), N(3a)0. By Lemma 3, (D)(N,D)(N, 3 · D)4. 
To conclude the proof we consider d=m	 for some integerm1.We shall need the following two auxiliary lemmas.
Lemma 11. Let x, y2 be positive integers and i ∈ {−1, 1}. There is a positive integer  such that
xy + i
2x
 min
{
3(xy + i)
2x
,
2(xy + i)
5
}
.
Proof. The interval I = [(xy + i)/2x,min{3(xy + i)/2x, 2(xy + i)/5}] has length larger than 1 unless x = 2 and
2y + i5. In this case we have either 2y + i = 5 and we can take  = 2 or 2y + i = 3 where  = 1 veriﬁes the
inequalities. 
Lemma 12. Let a, b be integers with 0<a<b< 9a/5 and X ⊂ [a, b] a set of integers. Then, for each integer
c3(b − a)/2,
(X ∪ {c})4.
Proof. Let X1 = X ∪ {c}. Suppose ﬁrst cb/3. Since b< 9a/5 we have⋃
k0
[(4k + 1)b/3, (4k + 3)a] = [b/3,∞).
Therefore, there are a non-negative integer k and a rational number r/q such that
r
q
∈
[
b
3
, a
]
and (4k + 1) r
q
c(4k + 3) r
q
.
Take N = 4r . Then rqa <qb3r and r(qc)N3r . Therefore N(x)0 for each x ∈ q · X1 and (X1) =
(q · X1)(N, q · X1)4.
A similar argument works for c <b/33a/5. Suppose that there are a positive integer k and a rational number r/q
such that
r
q
∈
[ c
3
, c
]
and (4k + 1) r
q
a <b(4k + 3) r
q
. (4)
Then, with N = 4r , we again have N(x)0 for each x ∈ q · X1.
Let us show that r/q = a/(4k + 1), where k is the smallest positive integer such that a/(4k + 1)< c, veriﬁes (4).
For k=1 we have a/(4k+1)=a/5>c/3 while, if k2, then a/(4k+1)= (a/(4k−3))((4k−3)/(4k+1))c(4k−
3)/(4k + 1)> c/3. Therefore r/q ∈ [c/3, c]. Moreover, using c3(b − a)/2, we have (4k + 3)r/q = a + 2r/q
a + 2c/3b. 
We now proceed with the last two cases of the proof of Theorem 3.
Lemma 13. Suppose that d = m	 with m> 1. Then (D)4 unless D = {1, 2, 3, 4m}.
Proof. Take N = 4d = 4m	, so that 2(N)4. Consider 1 = {4mk + 1, k = 0, 1, . . . , 	− 1}. Note that (	)N = 	
for each  ∈ 1. Let
1(c) = { ∈ 1 : (c)N ∈ (N/4, 3N/4)}, and
1(
) = { ∈ 1 : (
)N ∈ (N/2 − 	, N/2 + 	)}.
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Suppose that
1(c)\1(
) 	= ∅. (5)
Then there is  ∈ 1 such that N(c)< 0 and cos(2
/N) − cos(2	/N) = − cos(2	/N), which implies
2 cos
(
2a
N
)
cos
(
2b
N
)
= cos
(
2

N
)
+ cos
(
2	
N
)
> 0.
Hence N(a) = N(b). Since |c|N = |( + N/2)c|N and |d|N = |( + N/2)d|N , by replacing  by  + N/2 if
necessary we get N(x)0 for each x ∈ D and we are done by Lemma 3.
Suppose that (5) does not hold. Observe that, since 2(c) = 1, the subgroup of ZN generated by 4mc has even
order and (c)N 	= N/4, 3N/4 for each  ∈ 1. Therefore, |1(c)| = |1|/2 = 	/2. On the other hand, the interval
(N/2 − 	, N/2 + 	) has length less than 2	=N/(2m)N/4, so that |1(
)|	/2. Moreover, if equality holds then
(4m
)N = N/2. Therefore, the only possibility for violating (5) is 1(
) = 1(c), which implies
(4mc)N = (4m
)N = N2 = 2m	. (6)
In particular, both c and 
 are multiple of 	/2. Therefore, 1 = gcd(D)	/4 which implies
	= 4.
We consider two cases.
Case 1: 	= a + b. Then {a, b} = {1, 3}. By Lemma 8 we may assume c <b, so c = 2 and D = {1, 2, 3, 4m}.
Case 2: 	 = b − a. Since (5) does not hold, either (
)N or (
 + 4m
)N = (
 + N/2)N belongs to the interval
(N/2 − 4, N/2 + 4). Therefore, as 2(
) = 1, we have (
)N ∈ {±2, N/2 ± 2}. Hence, using N = 16m and 
> 	,

= 8ml + 2i for some i ∈ {−1, 1} and l1.
Suppose ﬁrst that l2. Take N1 = 
+ 6i = 8(ml + i), so that |
|N1 = 6 and |	|N1 = 	= 4. By Lemma 11 with x =m
and y = l, there is  such that
d = 4m ∈
[
N1
4
,
3N1
4
]
and 	= 4N1
5
.
There is 1 ∈ {, N1/4 − } such that 2(1)2(N1) − 2. Then
2(|1a|N1) = 2(|1b|N1)< 2(|1c|N1)< 2(N1),
and
|1	|N1 = 4N1/5,
|1d|N1 = |d|N1 ∈ [N1/4, N1/2].
On the other hand, 4< |
|N1 = 63N1/10, so that∣∣∣∣cos
(
21

N1
)∣∣∣∣=
∣∣∣∣cos
(
2

N1
)∣∣∣∣< cos
(
2	
N1
)
.
Note that {1, N1/2r + 1} · c = {c, c + N1/2} in ZN1 , where r = 2(|1c|N1) + 1. Hence, there is 2 ∈ {1, N1/2r + 1}
for which |21c|N1 ∈ [N1/4, N1/2]. Since 2(|1	|N1)r and 2(|1d|N1)r , multiplication by 2 leaves the set
{|1	|N1 , |1d|N1} pointwise invariant. Moreover,
2 cos
(
212a
N1
)
cos
(
212b
N1
)
= cos
(
212

N1
)
+ cos
(
212	
N1
)
 −
∣∣∣∣cos
(
2

N1
)∣∣∣∣+ cos
(
2	
N1
)
0.
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In particular N1(21a)N1(21b)0. Therefore, there is 3 ∈ {1, N1/22(|1a|N1 )+1+1} such that N1(321a)0
and N1(321b)0, while multiplication by 3 leaves the set {|21c|N1 , |21d|N1} pointwise invariant since both
elements have 2-adic valuations strictly larger than 2(|1a|N1). Hence N1(321x)0 for each x ∈ D and Lemma
3 gives (D)4.
Suppose now l = 1. Then
a = 4m − 2 + i < d < 4m + 2 + i = b.
If c6 then we can apply Lemma 12 since 5a <b = a + 49a/5 and c3(b − a)/2 = 6.
If c = 2 then by taking N2 = 4m + i we get |a|N2 = |b|N2 = |c|N2 = 2 and |d|N2 = 1; hence (D)(N2,D) =
(N2, {1, 2})4 since N27. This concludes the proof. 
Lemma 14. Suppose that d = 	 and c 	= 
 then (D)4.
Proof. Let {, } = {
+ c, |
− c|}, where 2()= 2 and 2()> 2, that is, = 
+ c if 
 /≡  (mod 8) and = |
− c|
otherwise. We consider three cases.
Case 1: 2()< 2(d) + 1. By applying Lemma 5 with t = 2(d) (so that N = 2t+2), X = {, , c, a} and y =
(−1,−1,−1,−1), we may assume that
N(d) = 0, N()0, N()0, N(c)0 and N(a)0.
From 2 cos(2
/N) cos(2c/N) = cos(2/N) + cos(2/N)0 and cos(2c/N)0 we get N(
)0. Similarly,
2 cos(2a/N) cos(2b/N)= cos(2
/N)+ cos(2	/N)0 and cos(2a/N)0 imply N(b)0. Hence N(x)0
for each x ∈ D and Lemma 3 gives (D)(N,D)4.
Case 2: 2() = 2(d) + 1. As in the above case, by Lemma 5 with t = 2(d), X = {, c, a} and y = (−1,−1,−1),
we may assume that
N(d) = 0, N() = −1, N()0, N(c)0 and N(a)0,
and the same argument as in Case 1 applies.
Case 3: 2()> 2(d) + 1. Take N = 22()+1. Then, by the deﬁnition of , we have
()N = N/2 and cos
(
2

N
)
= − cos
(
2c
N
)
. (7)
Case 3.1: 2(d)3. By multiplying all elements in D by an element of the form (N/22(d)+2)k + 1, k an integer, we
may assume that |d|N ∈ [N/4, 3N/8] and (7) still holds. By applying Lemma 5 toX={, c, a} with y= (−1,−1,−1)
and t = 2()− 1 we may assume that N()0, N(c)0 and N(a)0 while preserving |d|N ∈ [N/4, 3N/8] and
(7). Hence, using (7),
−1 cos
(
2
N
)
+ cos
(
2
N
)
= 2 cos
(
2

N
)
cos
(
2c
N
)
= −2 cos2
(
2

N
)
,
which implies cos(2
/N)
√
2/2. Therefore, since |	|N = |d|N ∈ [N/4, 3N/8], we have
2 cos
(
2a
N
)
cos
(
2b
N
)
= cos
(
2

N
)
+ cos
(
2	
N
)
0,
which implies N(b)0, so that N(x)0 for all x ∈ D and Lemma 3 applies.
Case 3.2: 2(d)= 2. By multiplication by an odd integer if necessary we may assume that |d|N =N/4 + 4 (and (7)
still holds).
Case 3.2.1: Suppose that  	= 4. Since 2() = 2, we have
− cos
(
2
N
)
 cos
(
22d
N
)
. (8)
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By applying Lemma 5 with X = {c, a} and y = (−1,−1) we may assume that (c)0 and (a)0 while preserving
|d|N = N/4 + 4 (and so (d)0), (7) and (8).
By using (7) and (8), we have
2 cos2
(
2d
N
)
= cos
(
22d
N
)
+ 1 − cos
(
2
N
)
− cos
(
2
N
)
= − 2 cos
(
2

N
)
cos
(
2c
N
)
= 2cos2
(
2

N
)
,
which implies cos(2d/N) cos(2
/N), since cos(2
/N) = − cos(2c/N)0. Hence,
0 cos
(
2	
N
)
+ cos
(
2

N
)
= 2 cos
(
2a
N
)
cos
(
2b
N
)
and we can conclude N(b)0. Again N(x)0 for all x ∈ D and Lemma 3 applies.
Case 3.2.2: Suppose that =4.We ﬁrst assume that 2()6. Then multiplication by N/8+3 makes (8) valid, with
N((N/8 + 3)d)0, as shown below, and we can proceed in the same way that in Case 3.2.1. Indeed we have
(N/8 + 3)= (N/8 + 3)4 = N/2 + 12,
(N/8 + 3)d = (N/8 + 3)(N/4 + 4) = N/4 + 12.
Therefore, if (8) does not hold we have
cos
(
212
N
)
= − cos
(
2(N/8 + 3)
N
)
 cos
(
2(N/8 + 3)2d
N
)
= cos
(
2(N/2 − 24)
N
)
,
which implies 12N/2 − 24 and N72, a contradiction.
So, we may assume that 2()5.
If 2()=5 then we haveN =64, ||N =32, |d|N =20 and ||N =4; this implies {|
|N, |c|N }={14, 18}. Multiplying
by (N/4) + 1 if necessary we may assume |c|N = 18 and then {|a|N, |b|N } is either {3, 17} or {15, 29}. We are led to
a graph isomorphic to G(64, {3, 17, 18, 20}) which admits the proper 4-coloring with stable sets
{0, 7, 8, 9, 13, 21, 22, 23, 35, 36, 37, 48, 49, 50, 58, 62, 63},
{2, 3, 4, 12, 16, 17, 18, 25, 26, 27, 31, 39, 40, 41, 52, 53, 54},
{1, 6, 14, 15, 20, 28, 29, 30, 42, 43, 44, 51, 55, 56, 57},
{5, 10, 11, 19, 24, 32, 33, 34, 38, 45, 46, 47, 59, 60, 61}.
Similarly, if 2() = 4 then we have N = 32, ||N = 16 |d|N = 12 and ||N = 4; this implies {|
|N, |c|N } = {6, 10}
and multiplying by (N/4) + 1 if necessary, we may assume |c|N = 10 and then {|a|N, |b|N } is either {3, 9} or {7, 13}.
We are led to a graph isomorphic to G(32, {3, 9, 10, 12}) which admits the proper 4-coloring with stable sets
{0, 5, 7, 13, 18, 24, 26, 31}, {3, 4, 9, 11, 17, 22, 28, 30},
{2, 8, 10, 15, 16, 21, 23, 29}, {1, 6, 12, 14, 19, 20, 25, 27}.
This completes the proof. 
Proof (of Theorem 3). By Lemmas 6, 7, 9, 10, 13 and 14 we have that (D)4 unlessD={1, 2, 3, 4m} (the exception
of Lemma 13) or 2(a) = 2(b) = 0, 
 = c and 	 = d , which corresponds to D = {a, b, a + b, b − a} with a ≡ b ≡
1 (mod 2). 
4. Concluding remarks
The validity of Conjecture 1 for |D| = 3 readily determines the value of (D) for all sets with three distances, since
we know that G(D) is bipartite if and only if all elements in D are odd. For |D|=4 it leaves undecided if (D) is 3 or 4
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unless the graph is bipartite orD falls into the cases described in Theorem 3. There are some known sufﬁcient conditions
to ensure that (D)=3. For example, direct application of Lemma 1 shows that min(D)< 2max(D) implies (D)3.
On the other extreme, the following result gives also a sufﬁcient condition when the elements of D are sufﬁciently
spread out.
Theorem 4 (Ruzsa et al. [10]). Let k be a natural number. IfD={d1, d2, . . .} is a distance set such that di+141/kdi∀i
1 then (D)3k .
Based on recent work, we think that most sets of four distances in [1, N ] for each large enough N have chromatic
number 3. For instance, it can be proved that, for a sum-free set S of cardinality 3 ((S + S)∩ S = ∅) and d2 lcm(S),
we have (S ∪ {d})3 (except possibly if S = {1, 5, 8} or S = {2, 3, 10}).
The second remark we want to make concerns Conjecture 1 for larger sets. The following formulation of the prime
ﬁltering lemma can be useful to consider the case in which |D| is a prime, particularly for |D| = 5.
Lemma 15. Let p be a prime and D a ﬁnite subset of integers. Let m = max p(D) and let Di = {d ∈ D : 2(d) = i}.
If |Di | p − 12 for i = 0, 1, . . . , m − 1 then (D)p.
Proof. TakeN=pm+1. LetD=Di1 ∪Di2 ∪· · ·∪Dik with i1=m i2 · · ·  ik=1 withDij 	= ∅.We shall recursively
deﬁne a sequence u1, . . . , uk of elements in Z∗N such that∣∣∣∣∣
(
k∏
i=1
ui
)
d
∣∣∣∣∣
N
N
p
for each d ∈ D. (9)
The result then follows by Lemma 1 since, with =∏ki=1ui ,
(D)(N,D) = (N,  · D)p.
Let H be the subgroup of ZN generated by pm. Note that Dm ⊂ H and |d|NN/p for each d ∈ Dm. We take
u1 = 1.
Suppose that we have deﬁned u1, . . . , us ∈ Z∗N satisfying⎛
⎝∏
j s
uj
⎞
⎠ d|NN/p for each d ∈ Di1 ∪ · · · ∪ Dis . (10)
Let vs =∏j suj . For each d ∈ Dis+1 we have that
{(rpm−is+1 + 1)vsd, 0rp − 1} = H + vsd .
Therefore, for each d ∈ Dis+1 there are at most two values of r ∈ {0, 1, . . . , p − 1} such that |(rpm−is+1 +
1)vsd|N <N/p. Hence, since |Dis+1 |(p − 1)/2, there is some r such that we
|(rpm−is+1 + 1)vsd|NN/p for each d ∈ Dis+1 .
Deﬁne us+1 = rpm−is+1 + 1. Now us+1vsd = vsd for each d with p(d)> is+1 and (10) is veriﬁed up to s + 1. In this
way we obtain the sequence u1, . . . , uk verifying (9). 
Lemma 15 easily gives the following corollary. For a positive integer m, denote by Dm = {d ∈ D : m|d} the set of
elements in D divisible by m.
Corollary 1. Let p a prime and D a set of integers with |D| = p. If |Dp| = (p + 1)/2, then (D)p.
Proof. We have that |−1p (0)| = |D| − |Dp| = (p − 1)/2. On the other hand, if |
−1p (i)|>(p − 1)/2 for some i then
necessarily i = m. We can therefore apply Lemma 15. 
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In particular, for |D| = 5, we have (D)5 when |D5| = 3. The coloring c(i) = i (mod 5) shows that this is also
the case if |D5| = 0. By using similar techniques as the ones in this paper, we can show that (D)5 whenever
|D5| ∈ {2, 4} as well. Therefore, (D) = 6 can occur only if |D5| = 1, which is the case for the only conjectured case
D={1, 2, 3, 4, 5m}. However, it seems that additional techniques are required in order to completely settle Conjecture
1 even for |D| = 5.
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